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Lectures 3
Recursive (On-line) Identification Methods

e Recursive Least Squares (RLS) Methods

e Forgetting Factor and Tracking Time-Varying Parameters

e Identification condition problem

e Computational Aspects
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Course Outline
e Introduction and overview on system identification

e Non-recursive (off-line) identification methods
o Recursive (on-line) identification methods (T)

e Recursive (on-line) identification methods (II)

Practical aspects and applications of system

identification

\. J

Lecture 3 |ecture Notes on System Identification and Data Analysis Page 2/26




927/t 98ed SISA|DUY DIDQ PUD UOI4DII4I4UDPT WRLSAS U0 S2L0N 2dN4d27T ¢ s1nysar

r N

"POT3eW I0LIe TordIpaId
oY} ‘poyrew sarenbs jses] e /Do 2Y) “H 2 ‘poyjeu

ouI[-pjo Surpuodsorion o) AJrpour 0} s1 aanpadord omseq oy, e
“IOUURUI JUSDIJo UR U SUOIR[MI[RD SNOTADId JO osn ¥Ry e
(quegysur Surpdures AleAs 90U0) A[IR[NGs1 [opotl o1} a3epd ) e

;Js1ojetrered SUIAIRA-OUIT) 9)RUIT)SD oM OP MOY

JMOF]

97/¢ 9Seq SISA|DUY DIDQ PUD UOILDIILILUDPT WLSAS UO S2LON 244027 g einaoer

[ N

TONR[IULS @

"SISOUSRI(] PUR UOTIIRIS(] e @
‘SIojeumreIed SUIAIRA SWL],
SWLYsAQ aanydepy e

UOTYRUITYSH SUI[-T() @

J1S2IDUT JO UOTIRDYIIUSPT SAISINIDI ST AY AN




97/9 93ed SISA|pUy DJDQ PUD UOILDIIJIHUDPT W24SAS UO S240N 24N4027] £ aIngoer

r N

Adrinooe snsiea Ayixe[dwon reuorjeinduwo)) e
"BUDDRI) SNSIDA 9DULSIOATO )

.Sk Tons

‘SHO-9pRI) U0 pase( sAeM[R ST U3Isep o[, 1eliad ST WyjLIosR ON

spo-ope.y,

97/S 98eg SISA|DUY DJDQ PUD UOILDIISILUDPT WILSAG UO SILON 24N4I27] € 2angoar

4 N

“([eadeyur Surdures

oUO FuLmp suolye[nores (@ uniojed) odurs Ajfeuoneinduio)) e

‘(se8uep wonIPUoD Suryerado I0 9OULIINIIO JNe]

JO JULA® o1} Ul "§'9 ‘sivjewried JUIAIRA-oWI) 10]) SURDRI) POOL) e
‘(S[PPOW JURLIRPAUI-STIT} ) S9)RUIT}Se JUL)SISTO) o
"9OURFIOATION SR @

:sorypredord Surmor[oy a1} sART 0 SWIJLIOS[R SAISINDIL INO SIISOP AN

sorprodol J o[qeIrsa(]




97/8 93ed SISA|pUy DJDQ PUD UOILDIIJIHUDPT W24SAS UO S240N 24N4027] £ eIngoor

r )

«Cv% Jo EOE_QHEQQH@?HHEM QAISINO2I B PUT oM TUB) MOH e

‘de)s ewiry AleAe seSuRD (1) LrvUIISe

o[} 2ouaT ‘de)s s} AToAs SeFURID (@)% UOIPDUN] UOLISILID S ], ©

. J

97/L 93ed SISA|DUY DIDQ PUD UOI4DIISI4UDPT W24SAG UO S240N 244027 ¢ arngasr

4 \
1=y =y

(S =" ()P ="d
+ 3
QIO M
w.hﬁ\%m‘ = T&Q

:speal uonn(os oL, "@(y) ;& — (y)fi = (y)z oToym

v

_ L6
(4) 2 N = (@) ‘(@) urusie = (3)g
1

(STH) POUIRIN seIenbg 1seo oAISINIDY]




97/01 93ed SISA|pUy DJDQ PUD UOILDIIJIHUDPT W24SAS UO S240N 24N4027] ¢ arnioeq

r )

‘(RyRp JSeMaT A1) B LIS 07 poydepe are siejeurered
O1[}) RIRP JU2IAI JSOUL 31} 0F PoIJY SI [POU 1]} ‘9dUH
"RIRP PO 19810] A[[RNPRIG oM JRI[} 08 UOIDUN] }50D o1} AJIPOJ\ e
"IOYRUIIISS TR S8 I9)[[J URUI[RY]
O} 9SL pUR N[EM UWIOPURI ® 0} FUIPIodor ATeA siojourerrd o) 19]

oM AT[eotdA T, -siejeurered o1} 10] [9POW SUIAIRA-OWI) € 9)R[NISO] e

sARM 0M) — jsIojourered SUIATRA-OWIT) O[PURT oM OP MOF]

sunpoely,

97/6 93ed SISA|DUY DIDQ PUD UOILDIILI4UIPT WLSAG UO S2LON 2JNpI27] € 2In30a]
4 )
«m‘H Quwroﬁ&uoﬁﬁ_ .ﬁr
UIOJdJ w‘H Jo ﬂOEA@P w‘.ﬁw.zﬁvwa ST) @»ﬁ.ﬂw@.,_...ﬁimﬁuﬁo 01 .,.SOE “ﬂomum@.:@

NAT—Dd @) 1P+ 1
(1-Dd @) PHN)NT—1)d

-(1-Dd|=Wd

(D> +(1-21e= (18

%

(1= D80 ;& — (i = (1)

oynduwoo pue (7)ch oyepdn ‘yuejsur Surdures yoes 1y
(0)d Pu®R (())@ JO Sen[RA [RIJIUL 2SOOT) () = } WY Y
TWI03[Y




97/T1 98ed SISA|DUY DJDQ PUD UOI4DII}I4UDPT W24SAG UO S240N 24N4027] € @Inioer]

f ™
WA - DdW P+ Oy 1Y
(1-2d®@) ;PD)A1 —1)d (T —dd o (1)d
(1)) g = (1)
(1= 80) &~ i = ()2
Mz + (1 -De= (e

omdwoo pue (2)¢h ogepdn ‘juejsur urpdures yoes 1y

(0)dd pue ()@ JO senfeA [RIIIUL 9S00T[)) :() = ] 2WI} 1Y

TWIIOS[ Y
STY Por3SM
\. J
97/11 23ed SISA|DUY DIDQ PUD UOI4DIISI4UDPT W24SAG UO S240N 244027 ¢ arnyoer
é )

"'STY prepurgs o1 0} spuodserion T =y e

T>X>0 .__w.lbﬂ = Au\ mum

1198 oM ased SIT) UT o3[ buiggabiof paeo-os

B SR 0} Palldjol SI Y oIoM ‘Y = (2)Y 99[ 0} SI 92101 UOWID Y

1=09¢
P>y >0 T He@Y = (e

seysnes (y ‘1)¢ uorouny Sunysem o) jei) osoddng e

T=4
. , . e _
(2 {=(g)A ‘(@) uTusie = ())g
7

v

:TOTIDUN] JS0D PIYIPOIN e




€ 2o

SISA|DUY D4DQ PUD UOI}DII41JUBPT W24SAG UO S240N 2Jn}o27]

10°C1 28ed

sa|dues
00os 005y [y 00sE 0ooe 0052 000z 0051 ook 005 DU
T T T T T T T T T
— - qro
} <0
I O — ]
= a¥0
= 50
= -90
I I I I L L o0
Jzlaweded q () paiewnsa 57 pue () STy pedaed (- aniL
sajduieg
0005 00G# 000F 005e 000E 005z nonz oSk ook 005 EIZ .
T T T T T T T T T

0a0s 005y
T

000F
T

Jaaweled e () pajewnss 57 pue () 5T pades () aniL

00%E

0008
T

sajdwes
0052
T

000z
T

0051
T

000k
T

005
T

¥ao

s

sarawesed q () pajewiisa g7 pue () 74 paysed) () and)

sapdueg

)

onos oosy
T

oooy
T

onse
T

0noE
T

0052
T

000z
T

ansL
T

oooL
T

005
T

s

Jaaweied € () pajewisa 57 pue [ 5Td pespen () sl

@

SISA|DUY D4DQ PUD UOI{DII41JUBPT W24SAG UO S240N 2n4027] € 21T

20°C1 98eq

sa|des
00os 005y 0oor 005 0ooe 05T ooz 005k 0oak 005 DEI
T T T T T T T T T
FP——————— —— - qro
= } qzo
P } ,,,,,,,,, B
=
[ } qro
= — 50
= R EL
I I I I I 0
Jzlaweded g () pajewnsa 57 pue () 5Ty peyaed '(-) aniL
sajduieg
0005 00G# 000F 005E 000E nosz 000z oSl ook oS EIEI
T T T T T T T T T
T T T T T -zo
I ‘ o
I ‘ R kL
,,,,,,,,,,,,,,, | w
. mij an
I I
= 1z
I I I I I v
Jeqaweied e () pajewnss g pue () gy payoes () ani
sa|des
00os 005y 0oor 005 0ooe 05T ooz 005k 0oak 005 DEI
T T T T T T T T T
— - qro
} qzo
} ,,,,,,,,, B
=
= qro
= gyt 50
= R EL
I I I I I 0
Jzlaweded g () pajewnsa 57 pue () 5Ty peyaed '(-) aniL
sajduieg
0005 00G# 000F 005E 000E nosz 000z oSl ook oS EIEI
T T T T T T T T T

Jaawieied e () pajewiss 57 pue (4 5T payaes ‘(=) aniL




€ 2o

SISA|DUY D4DQ PUD UOI}DII41JUBPT W24SAG UO S240N 2Jn}o27]

€0'C1 28ed

(Jojoweled q (:) pajewnsa S pue (-) STY paxoed ‘() aniL,)apy ‘(.g.)1eqelk ‘(sedwes,)eqelx

(2 ((L)ezis)sauo,(2)g L'~ ‘wa’ L'~ (2" )wuy Lhord (ZLzhoidans

(Jejoweled e (:) psjewnss S pue (-) ST paxoed ‘(--) aniL,)opn (,)eqelk (sedwes,)leqelx
(' ((Dez1s)souo,(2)v' L'\~ ‘we' L'~ (L Jwyy Lhoyd ‘(L Lg)holdans ‘ainby

(,s1910weled q (-) STY payoes) pue (-) aniy,)apn
(.a)1eqelk ‘(ssejdweg,)jagelx ‘(-~‘wq‘L‘~ (' wuyy Lhoyd ‘(zLz)holdans
(Jojoweled e (-) ST paoel) pue (--) aniL,)opm

‘()egelk ‘(ssjdwes,)ivgelx ‘(- ‘we’ L'~ (L )y Lioyd ‘(1 Lz)oidgns ‘anby

[((gn)az1s)sauo,zq ((1n)szIs)sauo,1q] = wq
{[((zn)azis)sauo,ze ((Ln)azis)sauo, €] = we

‘(xre”w)eepxie = [gpyp'a‘v] ([ L LI'[n Al)xie = xre"w
(od'ouy'wer'y, Ty 1 LI[n Alxies = wuy

86'0 % ‘G') = we|

‘(p'1)s018Z = QUi

‘(p)eke,001 = 0d

[ghiLAl = A

uole|nwis [9pow puz XHY % ([¢e gn][zeH zzol)wis| = zA

uone|nwis [ppow s XYV % ‘([1e Ln]zLH zLo))wis| = LA
uonouny Jajsues) Xy oNseyools % (sL'lze LI'IL oy = zgH
uonouny Jajsuel) XYy onsiulwisied % (s1'lze LI'lza oy = 229

uoljouny Jajsues) XYy diseyools % (sL[Le LI'L o4 = zLH
uonouny Jajsues) Xyy ansiutuisied % (sLl1e LITLg ohs = 219

(4e3sTLynyibusl = p

‘[¢ca ze] = ter1s 2wy
f1g Le] =teys™ Ly

10 =¢9

20 =¢e

‘60 =19

‘8°0 =B
(L'N:L+9Y)e = Zo
(L'oxL)e = 1o
{(LN:L+o1)Nn = gn
(L9¥L)n = |n

{(Z/N)punou = 9}
ndur onsiuiwislep uoneaynusp| % ([ 0I‘[L 0'.said,'N)indutpt = n

{(@)p1s/((a)uesw - 8),8 ewbis =
‘1'0 = o ewbis
Joud uopenb3 9, (1 ‘N)upuel = &
(1, 91818,)UpUEs

AN = L
awn Budwesg o, fL =s]
Jaquinu ejdwes % ‘000§ = N

|le @sopo ‘||e Jes|d
0/00/00/0

€ 2INj0S7 Jo} g BSI0I8XT %%%
%%%

10ns

mdit

Initial Cc

ate.

1111

tial parameter esti

ini

.

e 6(0) is the

tial

x of the ini

i

ance matr

.

covarl

e View P(0) as an estimate of the

parameter estimate.

ance matrices, and must be

.

are covari

— P(0) (and P(t))

definite.

.

tive

S1

and po

o

— Choose P(0) = pl.

symmetric

ate 6(0)

1111

al esti

if initi

al response. GGood i

1

=
o=
=
o
a0
'_J.
=4
R
T =
+
5
) O
= =
—
<
< B

Page 13/26

Lecture Notes on System Identification and Data Analysis

Lecture 3




97/S1 28eq SISA|DUY DJDQ PUD UOILDIILILUDPT W2LSAG UO S3LON 24N}D27 ¢ sanjosr

r N
e T
m—pie | W, | 70

pesn st uoryezirjeurered SUIMO[[O] 91T,
(Do + (1 —1)ng = (1 — DAin + ()

DINYONIYS SUTMO[[O] 1) SeY[ 31 0} [oPOul JY T,

"G'() = O UOIIRIAID

PIRPUR)S [[IIM 9SIOU )M URSUIL OI9Z ST (1)2 ‘G'() = ¢ ‘R ()— = D 2I97M

(T—22+ @)+ (1 —1ng = (1— v+ (1)

-[epoul =271 o] @@H@.ﬂwdmw ST ejep “QMAMAAH,QHQ SI3 Uy

STY Jo &T.Tﬂ_ﬁumm motyenuitg

97/#1 98ed SISA|DUY DIDQ PUD UOILDIIJILUDPT WLSAG UO S2LON 2JN4I27] € 2angoer]

r N
0y —1)% — 1= ()¢

“ho T 0y A[rerjusuodxe puey (7)Y 39] 01 TOWIOD ST
11 (6670 °G6°0) 2 Y st edtoyp [eotdA) y AYPAIISUSS osIou pue Ajrjiqeded

sunrl) UoaMa( Jo-oprl) B A[juenbasuod sty Jo 92107 oY J,
- G - .4‘% J— oy Y - & ) s PN Q " ' - -
0 =L °¢6°0 =X JI -5 = UL sk pougop s juejsuod AIOWOW o], e

"(POUBBILATION

Pe() 2SIOU 0} SAI}ISUSS SIOUL ST WIILIOF[R 91} <= [[RUWS \ o
BUDPDRI) 19)19( 90U “I9)sk] U9))0SI0] S RIRD P[() < [[PWS { e
"ODURSIDATION 198 0] | = \ 9ARY SN 9A\ @

‘Aypiqeden Surpry
91} SUIULISYEP U] [[IM Y J10)0R] SU1))2810] o T, 'Y = (2)\ 197

1030%,] SU1}39810




o o o o o L =) =1 h |
o — ] %] b n b P - =} a =} [=] [=] =] = =T
T T T | — = T T =] . i w . m o . - o
: _ T T T T T = T T
Pl _
= ! | = _
8 o Sr . st e 2
Pl _
. | . |
2 | _ . Sr . =] | ML
; _
Pl _
w H
H - b= — —
= X g Sr 18 = I 4z 5L T
: 2 z | E E
LB b B E:
?, o ., : % s :
28 12 28 13 ig s et z
H | & 3 & = | =F =
_ 3 3 & » @ »
o @ L -
= | |2 ] _ s 5
= o =
: RE F s 1T
: T B _ z z
_ = g 2 2
w w _ w w
| | & 1
: A 1’ 3 IR
! _
_ _ g
oo _ o | i
g | 9 8 1 B &
_ _ o
8 _ w _ V
g | = 1 4 e at s
_ _ <
. | ) | ”
8 + + b =] L L =Ly 1 1 1 1 = | ]
8 2 =] =]
Lecture 3 Lecture Notes on System Identification and Data Analysis Page 16.01
1
97/91 93ed SISA|DUY DJDQ PUD UOILDIIJI4UDPT W24SAG UO S240N 24N4027] ¢ ainyoer

r

"S2OUD1A2AXT] QDT WO.LY SINS2L UOIDINULLS IS dSDI]J
9INIONIIS [PPOU BT} JO SSATIIALI0D BT} JO 8IS e

(serdures T Jo porred = s {T ‘0} senfea
UHM 2apm aunnbs ® (Z) (0¢ = 7 ¥ as)nd pun ® () :pesn aIw

sreudrs ndur jo

sodAy omy) ndur o173 Jo Is1oRIRYD 81} JO SIS e

291RIISNI[T 03 Juem am ‘ordurexs ST} I

0oL 0

1001 = = (0)d ‘0 =(0)@
0 001 ’

SSUOTHPUOY [eIIUL 9} WOL] palle)s sem UoRUIl)se aAISINIaL o T,

J




sa|dwes
oool 006 008 0ol 009 005 Uil 0oe 00z
T T T T T T T T

0ol
T

sugjaeded q () palewss pue () 5y peyaes ‘(- anil

sa|dwes
oooL 006 oos oos 009 oos oor ooe ooz

¥l

siajaweded e () pajewnjsa pue () 57y payaed ‘(- anip

sajdwes
006 008 004 00g 005 0oy 00e 00z

o
=
=]

0ol

¥

SISA|DUY D4DQ PUD UOI{DII41JUBPT W24SAG UO S240N 2n}027]

sugjaweded q (<) 57 payaes pue (- anyp

sajdwes
ooak 008 008 00 ] 005 0oy 0oe 00z

rl

2091 98eq

A

. b siajaweled e (-) 54 payoely pue (- anip
XVINIY “9aem drenbg

Lt}

006 0os 004 0os 00s 00w 00E 00e ool
T T T T T T T T T

sa|dweg

€ 2o

0ool

sdeawieded g () palewnss pue (4 5y peyoed) () ani)

sa|dwes

006 oog 00l 009 00s 0¥ 00E
T T T T T T T

00z ool 0
T T ¥l

ooak

SISA|DUY D4DQ PUD UOI{DDI41JUBPT W24SAG UO S240N 24n4027]

L - Fo
L <0
1 1 I 1 1 I 1 0
siajaweled e ) pajewnsa pue () 5y paxyaes} () ani]
sajdes
006 008 o0l 0og 00s Uil O0E 00z ool DZ'D
T T T T T T T T T :

ooak

£0'91 28eq

1 1 1 1 1 Ieei]
sigjaweled q (<) 5 pexae) pue (-) anl|
sajdwes
006 008 0ot Julnz] 005 [y 00e 00z ool DV' -
T T T T T T T T T

4+

dzo-

1 1 1 1 1 o

XVINYYV ‘S9dd

sagjaweed g (- 57 pexae) pue (-) ani]




sajdweg
oog oog o0s oog ooz ooF oos ooz oo o]
T T T T T T T T T o
pDI' # sa|dwes
= oo 6 8 J 9 g ¥ £ 0
a8 T T T T T T T o
=
g
a - —<¢n
w
L L L L L i i L s0 L 0
saajaiieied q () pajewnsa pue () Sy paysed) (- el
sajdwes - dan
oos ooz 002 oog ooz ooy oos ooz oot
T T T T T T T T T Fl- dan
i
L
- 1 I 1 I I 1 ¥l
vo siajawueied q () palewnss pue () g peyaedl () anip
dzo-
L L L . L L L L a oL
simlalueled B () palewnsa pue () SM pPaxoed] (-] ani) s8|duwes
S o 6 8 l g 5 v £ 0
] T T T T T T T b
o
sadues 2
3 -
[} an-
z
3 .
©® a0
n
S S 7o
—{s0o
(4] (4]
~ - ~<
n wn S,
—+ L L L L L L L L = —+ oo
o® suslewedsd q () pRiEwlse pUe (D) S ReHoRdl (- 8] o®
3 3
— sadwes — 1 | 1 | | 1
ooole o0& 008 ooz 003 005 oov ooe 0oz oo L= Q. siajaweled e () pajewnss pue () 5 paxaed) '(-) anp
[ [\
L3 =]
= =
p
o S %
=2 Y 3_ ok sajdwes
o o 0k [ ] 2 ] g ¥ £
(- dro- =1 T T T T T T T
o =]
-5 —zo- = L
Q‘ 1 L 1 1 1 1 1 1 1 o Q‘
o sialaweled & () palewnsa pue (3 S payoeal (- anil (v L
o o J—
=+ =+
o o -
> sajdwes >
[aluu]~} 005 oog 002 oog oos oot ooe ooz 0oL [u] =3 =
=) T T T T T T T T T o o
~ e - o ~< L
a, @,
7 dz0 a |
= 1 1 I I I
— —g0 siajaweled q () 57y paxoed pue () any
= —{eo
L Ay S sa|dwesg
oL G g i 9 S ¥ [
s s L L . . L s s 'l T T T T T T T
sisjawesed g () palewse pue () Sd pexoes - anag
sajdwes
oooL o006 oog oos oog oos oov ooe ooz ool O
T T T T T T T T T
ns
o
aQ [
[¢]
a —
o
= L
(V)
- —zo L 1 I I !
L L L L L L L L L a ¢ sigjaweled e () gy payael pue (-) 8ni)
sialaeled e () palewss pue () SN paxaed] () anul XHV QAB « « Slenbs




atLx

¥ sajdwes
ol 5 g 2 9 E ¥ £ Z 3 0.
T T T T T T T T T Lo
- -0
[_‘ .
'8, -0
g
N -Z0
W
- -0
1 1 1 ! 1 1 1 1 90
sizjawieded g (3 palewnisa pue (- 5y payaedt () anil
0L x sajdwes
] 5 g 2 9 E ¥ £ Z 3 0.
T T T T T T T T T vl
dz1-

A g

¥
L
—
o
(3]
—+
c
S
I
<z
rt
&
o 190
=3
N 0
<
wn
& gD
Ej
1 1 1 I 1 1 1 1 0
=
8_ siaaweded e (3 pajewnsa pue (4 57y payoed () anil
3
=
O0th [ 8 I3 9 S ¥ £ 4 L
o T T T T T T T T T Lo
o
=l
= -0
=3
= =10
Q.
7 -cho
o
=+
i) -£0
>
D HF0
3 B
o — e 50
wn
1 1 1 1 1 1 1 =41}
siajaweled q () 574 payoes pue (-] 8ni)
‘,DL * sajdwes
oL B g £ 9 5 ¥ £ C L o
T T T T T T T T T vl
e
- 41
—————A g
~
o
3 -190
o
I o
[
[N
= -z
1 1 1 1 1 1 1 ]

sdajaweled e () g4 payaes) pue (- ani]

XV ‘sadd

SISA|DUY D4DQ PUD UOI{DII41JUBPT W24SAG UO S240N 2n4027] € 21T

L0'91 98eq

(ss1e10wesed q (:) pajewnse pue (-) ST paxoes ‘(--) anuL)apy ‘(.q.)ieqelk ‘(sajdwes,)eqelx
(7= ((1)ezis)seuo,((2)ap-(2)a) L', - ((L)ezis)sauo,((2)ap+(2)d) L

L ((L)ezis)sauo,(2)g L~ ((L)azis)sauo,(z)ieys Uy L'~ (2 )wuy Liod ‘(ZLzhoidans

(,s1910weled e (:) pajewnsa pue (-) STy paoel) () anil,)opn ‘(e,)legelk ‘(sa|dwes,)jaqelx
(= ((1L)az1s)s8u0,((2)VP-(2)V)' L', -/ ((1)92Z18)s0u0,((2) ¥P+(Z)V) ' L

i (LDezis)sauo,(2)v L - ((L)azis)seuo,(1)reis yy L'~ (1 )wuy Lioid ‘(1 Lg)ioidgns ‘aunby

(s1e10wiesed g () pajewnse pue (-) ST paxoed ‘(--) aniL,)epl ‘(a,)1egelk ‘(sejdwes,)ieqelx

(= ((L)ez1s)sau0,(Z)g L'~/ ((L)azIs)sauo,(g)ieys Uy L'~ (2" )wuy Lhod ‘(zLzhoidans

(s1e1owesed e () pajewnse pue (-) STY pexoed ‘() aniL,)epy ‘(&,)iegelk ‘(sojdwes,)jaqelx
(= ((Lez1s)sou0,(Z)v L'~ ((L)azIs)sauo, (L Jeys Uy L' (L )wiuy Liold ‘(1 Lghoidgns ‘ainby

(;sse1eweled q (1) STY pasoes pue () aniL,)apy
(.a)19qelA ‘(soidwes,)pgelx (- ((L)ozis)souo,(z)reis uy' L'~ (Z )wuy Lold ‘(zLzhoidans
(;sier0weled e (-) ST padoes} pue (--) anil,)epi

‘(.)1egelA ‘(seidwes,)iadelx ‘(- ((L)az1s)souo,(1)eis ™y’ L'~ (L )wuy‘ Liold ‘(1 Lg)ioidgns ‘ainby

{(xse"w)erepxie = [gp'yp'a‘y] {([L 1 LN A])xie = xue"w
((od‘ourwel BTy 1 LIIn Al)xses = wyy

86°0 % '} = We|
(p*))s010z = QUi
{(p)oke,001 = 0d

uone|nwis [apou XYINEY 10 XHV % :([e nl‘lzH zo]wis| = A

‘pus
uonouny Jajsues} Xyy oNseyools % (s1'fe L)L oln = zH
uonouny Jejsuel) Xy onsiuluigieq % (s1'le L1lq oy = z9
‘(lopow™ XxJe)j18s|9
uonouny Jajsuel} XYY d1seuyd0ls % (sLle L1 L = zH
uonouny Jajsuel} XYY onsiuiuneleq % (sL'fe L1'a oy = z9
‘(|lopow xew.e)yl

{0 = |opow” xIe
| = |[opow” xew.e
{(4e3s”yp)ybusl = p
lqel=1es7u

‘pua
“([v oI'[L 0';squd,'N)wnduipi = n
‘osjo
‘(pouad/] ,d,z)atenbs = n
‘001 = pouad
‘(enem”alenbs)jies|o
f = (dyn (}‘N)sotez = n
{(g/N)puno. = dy
‘(jeubis as|nd)y

{0 = oAeBM asenbs
‘0 = |euBis as|nd

{(a)pis/((e)uesw - 8),0 eWHIS = B
‘g'0 =9 ewbis
Jous uonenb3 9, {(L‘N)upues = &
‘(1',918)8,)UpUEL

AN = L
awn budwes 9% ‘L =S|
Jaquinu aidwes % ‘000l =N

le 2S00 ‘||e Jesjo
%%%

'€ 9INJ0a7 8sI0J9XT % %%
% %%




97/81 38ed SISA[DUY DIDQ PUD UOI4DIIJIHUPPT W24SAS UO S240N 2dN4027T ¢ srngoer

4 N
u PR .

L[ gl =g

oo M

o) ;& = (u—pn"q+ "+ (g —yneq + (1 —2)nlg = (A

epowt (YrAg) esuodsea esmnduur

9ITUY Pa[[ed 08 o1} A( pojuasaldel o ARUI SUIRISAS IRSUI[ S[([R]S SO

‘poutad uoryesyryuspt sjoyM o) surinp serdde uoryrpuos /jdsdouod
UoT)R}IDXe Jualsisiod [PNG ‘Teuds jndur o) 03 Surjeral

uouD 2T JUSIsiad Jo 1dedtod o) 01 spes[ SI, TWe)SAS a1} JO
SOIUWIRUAD o1} OB UOIJRULIOIUT [SNOUs SUIRIUOD BIRpP [ejustiLiedxe
oY) IR} OS WIDISAS 9} 9}IDX0 0} JoPIO Ul AJUSIDIPNS SoFurD

[eusts ndur o173 et} JIeIodUWI ST 31 ‘ased aUI[-JO o1} I0] Se Jsnf

UOTPRIIIXG JUD)SISIOJ

97/L1 98ed SISA|DUY DJDQ PUD UOILDIILILUDPT WaLSAG U0 SJON 24N4027] ¢ sangoer

4 )

"JTUYOPUL Sowoda( (1) ®
dnpum 1oyewrysy e

TOIYRIIDXO JUO)SISIO] e

UOT)ROYIJUSP] SAISINDISY IOJ SUIB[OIJ UOUIUIO))




92/0¢ 93ed SISA|DUY DJDQ PUD UOILDIIJILUDPT W24SAG UO S240N 24N4027 ¢ aangoar]

r N

Pypugep oantsod st ¥ Xtujeur o) Ju
u Ioplo Jo (i d) burpoxe fippuaisisiod pofes st n [eudls Yy uonIuga(g

1=!

R
M —1)nit)n — I = (Y )2
ﬁ\.vhumwﬁ M= ()

:styer ], ndur oty Jo seourLIeAod [eolidue oY) o1 ()0 oloym

(0)2 e (g—up (T—up
: k3 : m poer
=, W =)
AN — Qvu R onb :vw |
(T—up - (1) (0)2
PUga (]
. J
97/61 a3ed SISA[DUY DLDQ PUD UOILDII}ILUBPT W24SAG UO S240N 24N4227 ¢ singoar
4 N

"1 0} T WOIJ Ua¥R) o( ARUI SWINS [[® pue
‘00 «— 7 “jos rJep SUO[ B IO UOIPUOD UOIPRIIDXS UR PI[[ed SI SIY T,

.@.DUME.: 2( 03 2)RUII)Se 217 10] aﬁﬁzmﬁﬂmuﬂoﬁﬁ 9( 0} Ser XLIjeur SMy T,

plw — i )n H+:HMH (w — z)n H+:H.,MN (1 —y)n(u — y)n H+:HMN
=, 2
(u — y)n(g — ypn TTUTIZ (e —ayn PTHTIR (1 —pn(z —qpn TTH=1Z
(v —s)n(1 — y)n TR (z — a)n(1 —a)n TTHF1Z (1 — ) TTUETR

SIaTM T HAH:\E& 12 =4 A ULAIS ST 9)RWII)SS BT,

A= (1= ) =&




97/zT 98ed SISA|DUY DIDQ PUD UOHDIIJIHUZPT Wa4SAS U0 S240N 2414927 ¢ arnjosr

s “

T >\ I0] oI} M A[[RIUsUOdXD SOSROIDUL J e

"SOSEIIIUL ] S8 JURISUO) ST 9 e

1DTION]

uaT [,
W08 §TY o1} Ul () = (2)¢d UM UOIJRNIIS 2UWIDIIXe 91} I9PIsuo))
"SUIJ}LIOS[R TOIROYIULPI o1} 10] ste[qold sesnen SIy [, "UoI}ejoxe

100d QI xe pﬂmﬂi.ﬁwguﬁw uonesgijuepl ue JO m‘ﬁuow.ﬂ@@ 2UIOS ,ﬂwﬁﬁv

dnpuipy Iojeurnysy

97/1¢ 93ed SISA|DUY DIDQ PUD UOI4DIISI4UDPT W2LSAG UO S2I0N 2dN4027T ¢ singoer]
4 ™

Uy IPPIO JO SUNDXe

Ayuegsisiad jses] e oq [euSis ndur o) IR WS)SAS IopPIO [}-U

e JO UOIPRUINSD JUI)SISTOD 10] AIRSSoDoU S 9] 210N juerroduiy

"IOpIo AUm

JO H{J 10U SI [RUFIS SI] ‘@Il ], () = “/) pur u [[® 10] () = (u)2
SOALS SIY [, "OSIMIOYIO () pue ‘() = 2 10} T = (2)n :reudis asnduwiy e

‘T Ioplo Jo qJ st degs e UaT[, ‘T = ¢ JI AJUO IR[NIUISUOU ST “/)
pue ‘.o = (y)o ety ‘o opnyjrudewt jo dojs v st (3)n euSis dojg e

"SI9pIo [[® JO HqJ St

[RUSIS oSIOU 2}IYM PUR ‘2 [[R 10} IR[MSUISUOU ST “/) SN, "o)uyep

oarysod sfeme ST oM Y70 = U9 pue ‘Yoo = (u)o woyL ‘.0
SOURLILA PUR URSW OISZ [[}IM ‘9SIOU 9)IUYM ST (7)1 :9SIOU SIIYAN ©

:sordurexyy

\, J




97/ 98ed SISA|pUY DJDQ PUD UOI4DII}I4UDPT W24SAG UO S240N 24N4027] € sanjoar

r 2
A La=0d w© nan=0d

o' ‘wepqoad oty aAf0s 09 (uoryrsoduwonsp
ONTRA IR[NSUIS) (JAS PUR UOI)RZLIONIR] ([[) 9} OSN OS[e UBD 9A\

(wygriob)y g00Yy a4pnbg s.423204 )
peojsul (12)§ orepdn A[eAISINDLl 0} WIILIOS[R B[} SOILIMAI UL} JU()

(4) ,s)s=d
se E@pﬁ.ﬁ%p wa_ ueo XLIyeur bﬂﬂﬂ&@ @...ﬁﬁw@&
AToAD w@ﬂw 230U 09 fé EOﬂZ:O.w .wﬂrﬁ m.wm:m-ﬁ@ mm—_mﬂﬂpm@ ,u:z w&_mﬁﬂ
(LA (OIYM ) 9YULSPUL (1) OYRUL 0} 9)R[NUWINDOR ARW SIOLID SUIPUNOY]
Lﬁﬂﬂb@

,w:ﬁmDQ pue Ufwvﬁﬂgﬁmw 9( SNl <= XLIPBU 90UBLIBAOD € SI Atm

oyurepuy (1)d

97/€T 98ed S1SA|DUY D4DQ PUD UOLDIISIUBPT WRLSAS UO S2LON 2uN4d2T ¢ singoer

( )

‘A[[Ro1RIIOINE ST} SUIOP 10 SWIILIOF[R [RI9AS

1SIX® 2ILT[], "UOIYRIIDXe 100d AR oM JT (7)g 2¥epdn jou o] e
:uon[og

‘dnpumn L03pwYs5 SR 0} PalIs)al SI ST, ‘PosuryD
JOU SeY| WoSAS o1} et} jor] o1} o41dsop ‘g oreun}se o) Ul ofuer

ydnaqe e oq [[IA 818} puR ‘@8Ie] AloA o [[IM (2)P(1)d = (2) ¥
ured I0yruIgss o) Uay) ‘() # (2)cd) UreGe pojnxe SI W)SAS o[} U A\




97/9¢7 23ed SISA|DUY DJDQ PUD UOILDIILILUDPT W2LSAS UO S2LON 24NJD27 ¢ sanioe]

4 ™

" 'S20UDIADAXT "qDT 295 SISIIIOXT e

11 Ieydey ) :Supesy e

SOSIDILX,] pue SUIpRay]

97/5T 38ed SISA|DUY D4DQ PUD UOHDIIJIHUIPT Wa4SAS UO S340N 24N4927 ¢ eanyoer
4 N
1SN oI A[[eIlIDmnt aloul pue Iadeatd UoISINDaI o1}

oyelwn 0} suorjeoyipour pue mdﬁﬁ_ﬁﬁwumﬂgﬁﬂm oyell ued auo .@UH_”_,U_Q.HQ uj e

‘Loevanooe pue Lyxo(duwon [euorjyeindurod se [[om se ‘sorpradoxd

Sunyoel) pue poods 0OUIBIOATOD U0dM)I( JOOPRI} € sAeM[R ST 0I0Y T, e

‘suoryeLIeA Iojewrered o) ppow £q 1o ‘senbrurypoay

10900 Suryjedio] suisn Aq pejerodioour oq ued Liigeded Surspel], o

‘98

OUI[-Jo oy} s ojqereduwod oIe spoyiowl oul[-uo oy} jo soljptodord oy T, e
‘pojyewrxoadde oq Auo wed NHJ

O J, "SULIOJ OATSINDOI UT JS8IOI ¢ A[Iseo wed N AJ °U} pue S oyl Yo e
‘(s1souSeIp e ‘UONRIGIULPT SUIUO ‘STIDISAS SUTATRA-DTITY)

UONesgIiuo Pl oAISINIol osTL 0] Pooll U23JO 2U0 ...r.ﬁuﬁﬁwﬂwum M,@UH#U.Q.HQ uj e

STIOIS[OUO))




